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ABSTRACT

When ¢ is an analytic map of the unit disk U into itself, and X is a Banach
space of analytic functions on U, define the composition operator Cy, by
Co(f} = foyp, for f € X. In this paper we show how to use the Calderén
theory of complex interpolation to obtain information on the spectrum
of C, (under suitable hypotheses on ¢) acting on the Bloch space B and
BMOA, the space of analytic functions in BMO. To do this we first obtain
some results on the essential spectral radius and spectrum of Cy, on the
Bergman spaces AP and Hardy spaces HP, spaces which are connected
to B and BMOA by the interpolation relationships [A!,B]; = AP and
[H',BMOA]; = HP for 1 = p(1 — t).

1. Introduction

In this paper we determine the spectra of some composition operators on the

Bergman spaces, and on the Hardy spaces. We then use this information, apply

Calderdn interpolation methods, and glean information about the spectrum on

the Bloch space and BMOA.
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Throughout the entire paper, the open unit disk in the complex plane will be
denoted by U, ¢ will denote an analytic map from U to itself, ¢, its nth iterate,
and C, the associated composition operator given by

Cv(f):fO‘P'

All spaces that we consider are collections of functions analytic on the disk U.
For 1 < p < oo, HP = HP(U) is the Hardy space of functions f that are analytic
on U and satisfy

27
0 = lim 5= [ e Pt < o

- 2n
and A? = AP(U) is the Bergman space of functions f that are analytic on U and
satisfy

1712 = /U F(2)PdA(z) < o,

where dA is normalized Lebesgue measure on U. A function f is in BMOA if
and only if f € H? and

il = sup{|lf © 9a = f(a)l|l2 : @ € U} < 00,

where

The space BMOA is normed by

I fllesoa = 1£(0)| + (I flls-

This is equivalent to the more traditional definition of BMOA by the John-
Nirenberg theorem. The Bloch space consists of the analytic functions on U that
satisfy

M(f) = sup{(L ~ |z*)If'(2)| : 2 € U} < oo,

and is normed by
(flls = [£(0)] + M(F).

Each of the spaces defined above is a Banach space.

The formula Cy,(f) = f o ¢ defines a bounded linear operator on each of
these Banach spaces. Boundedness on the Hardy and Bergman spaces is by
now considered standard (see, for example, [9]). The first proof we can find of
boundedness on BMOA and the Bloch space appears in Theorem 2 of [1]. See
also [5] and [21] (for BMOA), and [13] (for Bloch).
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The operator norm, spectral radius, and spectrum of a bounded linear operator
T, when regarded as an operator on the Banach space X, will be denoted by
IThx, rx(T), and ox(T), respectively. The essential norm, essential spectral
radius, and essential spectrum of 7', when regarded as an operator on the Banach
space X, will be denoted by ||T|le,x, re,x(T), and o x(T), respectively. These
notations occasionally will be abbreviated when the space X is clear from context.
The adjective “essential” indicates that T is being considered as an element of
the Calkin algebra {the Banach algebra of bounded linear operators modulo the
compact operators).

In [6], Paul Bourdon and Joel Shapiro give the intriguing essential spectral
radius formula

P 2
(Te,HP (Cq:)) = (Te,H2 (Ccp))
for any analytic ¢: U — U. Their proof of the inequality

2

(resn(©))” < (res(C)))

holds for any value of p,0 < p < oo (when 0 < p < 1 the spaces are p-Banach
spaces). However, their proof for the opposite inequality, while stated to hold for
all 0 < p < 00, does not seem complete in the range 0 < p < 1. (The assertion
that if f, are unit vectors in H? tending to 0 uniformly on compact subsets of
U and K is any compact operator on HP, then ||K f,||g» — 0, is not correct.
We thank the authors for their correspondence with us on this issue.) Our first
main result obtains a Bergman space analogue of this equality on the essential
spectral radius, for p > 1. Our second main result gives the spectrum, o 4»(Cy),
in terms of ¢ 4»(C,). Specifically,

742 (Cy) = {A € C: A < 7,20 (Cy)} U {(¥' ()" 120,

for ¢ univalent, not an automorphism, with fixed point a € U, and p > 1. This
extends Corollaries 19 and 24 of (8], where og2(C,) and 042(C,,) are given by
formulas of the same type. Along these same lines, we point out that Lixin
Zheng in [24] has shown that og=(C,) = U, when ¢, not an automorphism,
fixes a point of U. Our third main result uses our first two results and goes part
of the way in determining o5(Cl,), for ¢ not an automorphism, fixing a point in
U and univalent. We will also show that our main results still hold when AP is
replaced by H? and the Bloch space by BMOA.

The rest of the paper is organized as follows. The next section contains pre-
liminary material on three topics: basic facts about the Nevanlinna counting
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function and its role in change-of-variable formulas, norms of certain evaluation
functionals on AP and some of its subspaces, and a summary of results we need
about the Calderén method of complex interpolation. Section 3 contains the
main spectral results on Bergman and Bloch spaces, beginning with a Bergman
space analog of Bourdon and Shapiro’s essential spectral radius relationship and
culminating in our description of the spectrum of C, on AP for p > 1 (with
certain conditions on ¢) and a partial description of the spectrum on B. Section
4 develops the analogous spectral results for HP for p > 1, and BMOA. The final
section gives some examples and discusses a conjecture for the spectrum of C,
on B and BMOA.

2. Preliminary material

2.1 THE GENERALIZED NEVANLINNA COUNTING FUNCTION. In proving the
AP version of Bourdon and Shapiro’s essential spectral radius formula, we make
use of the generalized Nevanlinna counting function

Nea) = 0 (lapy)’s 720, z€UNpO)
we{p~}(2)}
The sum is taken over the preimages of z, counting multiplicities, and when
2z € o(U), N, -(2) is defined to be 0. We will need to make use of several results
involving this function. These are now listed.

CHANGE OF VARIABLE FORMULA (Formula 6.4 of [19]): If f is a positive mea-
surable function on U and ¢ is an analytic function mapping U to itself, then

1y
[ 1@l @) (1og ) 4AG) = [ SN (A
U || U
This result gives rise to two formulas which we will use. They tell us about
the operator norm of the composition operator C, on H? and AP, respectively.

These formulas hold for 0 < p < oo (see [20]):

A1) U owlfy = 1O+ 5 [ QPP Nor ().
U

(1.2) £ o el = 1 (O + /U [F(2)P~21f'(2)* No,2(2)dA(2).

Formula (1.2) is a special case of Proposition 2.4 of [20].

The symbol “x~” means that the left hand side is bounded below and above by
positive constant multiples of the right hand side; the constants do not depend
on f.
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If we apply equation (1.1) to the function ¢(z) = rz we see that, for f fixing
the origin,
r

! m ! _ p2 — !
a3 o [ ueenra =T [ 1 prls )P ios ).

We will also make use of formulas for the essential norm of a composition
operator on H? and A2, which are given in terms of the Nevanlinna counting
functions. These are due to Shapiro (Theorem 2.3 of [19]) and Pietro Poggi-
Corradini (Theorem 1.1 of [16]), respectively.

: Ny, (a)
14 Col? 42 = limsup —2=2
(14) I = timsup T2 5

: Ny,2(a)
(1.5 IColI2 42 = limsup —2222
) A st (log(£))?

Formula (1.5) is a special case of Theorem 1.1 of [16].

2.2 CERTAIN INVARIANT SUBSPACES FOR COMPOSITION OPERATORS. Let m
be a positive integer and suppose that ¢: U — U fixes the origin. The idea of
considering C, on the subspace A,, = 2™ AP of AP will appear many times in
our proofs. Note that A,, is equivalently described as

{g € AP : g has a zero of at least order m at zero}.

Because ¢(0) = 0, A, is an invariant subspace for Cy,. Since A,, is an invariant
subspace with finite codimension in AP, any operator that is invertible on AP
must also be invertible on A,,. This follows similarly to Lemma 7.17 in [9] after
noting that a modification of the same proof works for Banach spaces (it appears
in [9] for Hilbert spaces only). We will use 04, (Cy) C 042(C,), which is an
immediate consequence of this fact.

2.3 EVALUATION FUNCTIONALS. The next several results concern the norm of
the linear functionals of evaluation at w € U, or evaluation of the first derivative
at w € U, on the Banach space AP and on the invariant subspaces A,, discussed
in the previous subsection. Throughout the rest of the paper, ev,, will denote
the linear functional of evaluation at w € U, that is ev,(f) = f(w) for f in
some Banach space of analytic functions. We emphasize that the space on which
ev, acts will change from time to time, but no change in the notation for the
functional will be made to indicate this.

The first result is known. We restrict attention to p > 1, although with a
suitable interpretation the result extends to 0 < p < 1.
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PrOPOSITION 1: (a) Consider ev,, for w € U, acting on AP, 1 < p < oo. Then

1

llev || 4» = (T‘W‘

(b) For 1 < p < oo there exists a constant ¢(p), depending only on p, so that for
any w € U and f € AP,

|f'(w)] < e(p) (L ~ [w) = ®+D72|| ]| .

A proof of (a) can be found in [22]. For (b) use Cauchy’s formula
T / f(z)
fiw) = 2ni J., (2 — w)zdz’

where v is the circle centered at w with radius (1—|w|)/2, and the upper estimate
from (a) for |f(2)| when z € .

The content of the next result is an estimate for the norm of the evaluation
functional acting on the subspaces A,, of AP.

PROPOSITION 2: Let 1 < p < oo. Then there is a constant, c(p), depending only
onp,sothat if fe A, andw e U,

2m+1 m
|f(w)] < e(p) mz—)%lﬂd [1£]l a»-

Proof: Tt suffices to prove the result for f a polynomial in A,,, since these
polynomials form a dense subset of A,,. Since the polynomials are in A2, we
can calculate |f(w)| as |(f, K™)| where the inner product is the usual A? inner
product and K7 denotes the kernel function for evaluation at w in z™A2.

The kernel function is

Kr(z)=)Y (1+k)@2)*= D k@z)*".
k=m k=m+1

Differentiating the geometric series formula for Yo, 1 t* we obtain the
expression

Ko = e[ D=0
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Thus, f l <p<ooand I/p+1/g=1,

&= [ [ 1Kz Gaae] "

= [/U Iwz|mQ\ (m _(Fll) _wigz)m\qu(z)r/q

< |w|m[/U ((m+1)+m)qu(Z)]1/q

11 —wz|2

1
11— w22

< ufmem+1)[ [

By Lemma 3.10 of [2], the last integral in this string of inequalities is bounded
below and above by multiples (independent of w) of

(1 fwf?) 220/ = (1 — uw?) 72/,

Now suppose that f € A, is a polynomial. When p > 1, we apply Holder’s
inequality and get

()l = (KD =| [ 1R
< ([ perae)”( [ Kperae) "

< ¢(p)(2m + 1)|w|m(‘1-_|—;—|2)2/; £ 4,

as desired. Since

Kl < ol s

a similar calculation gives the result for p = 1. |
PROPOSITION 3: Let 1 < p < oo. For every w € U with |w| > 1,

levulla,, < llevwllar < 27evyl|a,,-

Proof: The inequality |levyl4,, < |levy| ar is obvious. For the other inequality,
we first use the functions

_..m 1— lw|2 2/p
fule) = " (=)
which are in the unit ball of A,, to see that
|w|™

levwlla,, > 0= )l
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Using this and Proposition 1 we have

1
levllar = oy

S 2,’n”e’u"-U”Am
whenever |w| > 1. |

Part (b) of Proposition 1 gives an estimate for |f'(w)| when f € AP. The next
result gives an estimate for |f'(w)| when f € 2™ A2

PROPOSITION 4: Suppose f € z™A?. Then for every z € U,

2v/3m?

|f,(w)l < |w‘m ( lwlz)zuf”Az

Proof: Write

flw)= Z arw®
k=m

so that
o0
|ax/?

I3 = 3 2

k=m
Using the Cauchy—Schwarz inequality we see that

o0

@) < ol (S0 + m)?0k + m o+ D)L e

k=0

Since k +m +1 < 2(k + m), we get that
/ m-1{ %" 3, 12k '/
(1.6) ()] < V2w (S 6+ m)ll) 1 flLae-
k=0
Differentiating (1 — )~ = Y72, 2" three times we see that

A= Jwp)e ~ i(k + 3)(k + 2)(k + V)jw|**.
k=0

Since k+m < km +3m = m(k +3), k+m < km + 2m = m(k + 2), and
kE+m < km+m=m(k+ 1), we see that

o0 o0
> (b +m)3w® <m® Y (k+3)(k +2)(k + Dw|** = 6m*(1 — |w|?)™%
k=0 k=0
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From (1.6) we now get

m3/2
£ < ol 2 e

(1 = [w]?)

as desired. ]

2.4 CoMPLEX INTERPOLATION. In addition to the material on analytic func-
tion spaces described above, we will also be using ideas from Alberto Calderén’s
theory of complex interpolation, as given in [7]. In this subsection we give the
information that we need for our proofs of Theorems 9 and 10.

A pair of Banach spaces, (Xo, |- ||x,) and (X1, |- ||x,), is called a “compatible
pair (in the sense of Calderdn)” if each is continuously embedded in some complex
Hausdorft topological vector space, and if X3 N X is dense in each of X and
X;. If Xy and X; form a compatible pair of Banach spaces, one can construct
other Banach spaces, indexed by the unit interval, according to the “method of
complex interpolation”. As is standard, we let [Xp, X1];, 0 < t < 1, denote this
scale of Banach spaces. Now let T: Xo N X; — XgN X1 be a linear map that
is continuous with respect to both of the norms || - ||x, and || - ||x,. Then it
can be shown that T can be extended uniquely to a bounded linear operator
on [Xo, X1]¢, for each 0 < ¢ < 1. We will use the following result, relating the
spectra of T' on the intermediate spaces with the spectra of T on the endpoint
spaces.

THEOREM (part of [18] Theorem 2): With notation as in the preceding para-
graph,
O[Xo,X1]: (T) Cox, (T) Uox, (T) Uox,nx, (T)

for each 0 <t < 1. The last set in this union is the spectrum of T as viewed as
an operator on the space Xo M X1, which is a Banach space when normed by

I/ lln = max{{|fllxo, 11/l x.}-

If it is the case that X; C X and there is a positive number K so that || f]|x, <
K||fllx, for all f € Xy, then any T invertible on X; must also be invertible on
Xo N X1 (meaning that the inverse for T on X; also must be continuous with
respect to the norm on X, N X7). Hence, in this case,

OXoNX, (T) C X, (T)

and so
O-[XOyXI]t(T) C ox, (T) Uox, (T)
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In the context of our work in this paper, we are motivated by the fact that
for any fixed value of pg > 1, AP° and B form a compatible pair in the sense of
Calderén, and for each ¢ € [0, 1],

(1.7) [APe B], = AP (with equivalent norms)

for p defined by po = p(1 —t). In particular, [A},B]; = AP for 1 = p(1 —¢).
Similarly, for each ¢ € [0,1],

(1.8) [H', BMOA)]; = H? (with equivalent norms)

for p defined by 1 = p(1 —t). A proof of equation (1.7) is given in [27]. Equation
(1.8) follows from Theorem 2 of [23], since it is known that [H', HP], = H? for
1= (1-¢)/1+ ¢/p (see, for example, [10]) and that [H?, BMOA]y = H? for
1/p = (1 — 6)/2 (see, for example, page 191 of [25]). We thank Nigel Kalton for
pointing us in the direction of Wolff’s paper [23].

We point the reader in the direction of [3] or [25] if he/she feels the urge to
read more about the general theory of complex interpolation.

3. Spectra of composition operators on Bergman and Bloch spaces

We have three main theorems; these will appear as Theorems 5, 8, and 9 of
this section.

The first result relates the essential spectral radius of composition operators
on various Bergman spaces. Recall from the introduction that for Hardy spaces
this was done first by Bourdon and Shapiro in [6].

THEOREM 5: Suppose that ¢ is an analytic map from the unit disk to itself.
Then, for each 1 < p < 00,

(Te,Av (Cw))p = (Te,AZ(Cw))

The proof of Theorem 5 will follow readily from the next two propositions.

2

PROPOSITION 6: Suppose that ¢ is an analytic map from the unit disk to itself.
Then, for each 1 < p < o0,

(rear (@) 2 (rese(C0))

Proof: Making use of the generalized Nevanlinna counting function, our proof

2

follows the outline of the Hardy space case as in [6]. Let

fa(z) _ ((i_:_la(%)z/p‘
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Since these are unit vectors in AP which tend to 0 uniformly on compact subsets
of U as |a|] — 17, they converge weakly to 0 in AP,p > 1, and for arbitrary
compact operator K on AP, |K f||la» — 0 as |a] — 17. Thus

1C\le, av > limsup [|Cy fo g5

af—1-
The work of the proof will be to show that there is a constant ¢(p), depending
on p, such that
limsup |Cy fal%s > e(p)ICo|IZ 42-

la]—=1-

Upon replacing ¢ by its nth iterate ¢,, recalling C,, = C7, and invoking the
essential spectral radius formula we obtain the desired result from this estimate.
From formula (1.2) we get

(et = 5utoO)P + L1 = a2 [ L ata)iae)

Let, for the moment, I denote the second term on the right hand side. Suppose
we can show that

I kICIZ 42

for some constant k(p) depending on p. Then, if M is the smaller of the two
constants in the definition of “~”,

1Co fallir > M(1falp(O)IF + BEIC, |2 42 )

and this, in turn, is
> c(p)[|Cll? a2

for the constant ¢(p) = M#k(p) depending on p. This observation gives us the
freedom to forget about the term |f,(¢(0))|P and focus on the term I.
If we set

val) = T
then

oo = Sl
and so

_ 16|a|2 1 ' 2
I= o /U T —6z[2N¢’2(Z)lU“(z)l dA(z).
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Substituting z = v,(w), so that w = v,(z) and dA(w) = |[v,(2)[?dA(z), yields

_ 16af? 1
I= pz / ‘1 __a(la :;,)PNLP’ ( ( ))dA( )

_16a)? [ |1 —aw]? o (w y
- /U(I_MIQ)zNIPﬂ( a( ))dA( )

pZ

Then, for any 0 < r < 1, we get |1 —qw| > 1 — r for w € rU and hence

2 12
P2 Ny aa(u))Aw)
2Q—r
> %/ Ny 2(va(w))dA(w).

We now fix 0 < r < 1 and consider |a| close to 1. We need |a| close enough
to 1 to ensure that ¢(0) € v (rU). Then N, »(ve(w)) satisfies a sub-mean value
property on rU ([19] Corollary 6.7), so that

/ 2(va(w))dA(W) > 12N,y 2(04(0)) = r2N, 2(a).

Therefore,
16lal?(1 - r)r?
I1>— .
2 g —Japy e
Observe that 1 — |a| and log(1/|a|) are comparable as [a| — 17, and there-
fore can be used interchangeably. Taking limsup),_,;- on both sides and using
formula (1.5) thus gives

limsup |Cy full? 4» > c(D)IColI2 42,

la|]—1-
as desired. [ |

While the proof of Proposition 6 is similar to the Hardy space proof, the proof
of Proposition 7 differs in spirit from the proof for the Hardy space case. For
instance, we do not have Blaschke factors available.

PROPOSITION 7: Suppose that ¢ is an analytic map from the unit disk to itself
that fixes a point in the interior of the disk. Then, for each 1 < p < oo,

(rer(C0)" < (o))"

Proof: If a € U and ¢(a) = a then C, is similar to a composition operator
whose symbol fixes the origin. Because similar operators have the same essential
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spectral radius, there is no loss of generality in assuming that ¢(0) = 0. Recall
the material of the preliminary section 2.2. Observe that limm, o0 [|Cyll 4,, exists,
since the norms are decreasing. We claim that

(1.9) im (|Cyllan < ellCll2 5.

Here, and throughout the rest of the argument, ¢ will denote a constant whose
value may change from time to time but always only depends on p. To see that
the result follows from the claim, note that if |A| > (|C,||4,, for some m, then
C, — M is invertible on A,,. By Lemma 3.5 of [6], C, — AI is Fredholm on AP.
Therefore,

reas(Cp) < il ICyllan = TGl
Hence, assuming the claim, we have
(Cp) < el Cyll2%
Te,ar L) S CllLo|lg 42,

whenever ¢(0) = 0. Proceeding as in the proof of Theorem 3.8 of [6], replacing
@ by its nth iterate ¢,, and taking nth roots, we obtain

C‘P n

2/p 11/
(1.10) re,Ap(Cwn)l/"gcl/"[ p] "

e,A?

The left-hand side of this is equal to 7. 4»(C,,), since r.(T™) = (r(T))" for any
bounded linear operator T' and since C,, = C5. Letting n — oo, the right-
hand side of (1.10) has limit (7. 42(C,))?/P, by the spectral radius formula. We
conclude that

Te,ar(Cyp) < (Te, a2 (Ccp))z/p~
Thus we need only establish the claim (1.9).

Since by equation (1.5) we know

. N 2((1)
Cyll? 42 = limsup —22 2
1Colle.az =T sup oo 3 Tlal)y2

it suffices to show that

. P climsu N—Lp’zm)—
Jim IC N4, < l|a|—>1—p (log(1/]al))?

Now
1Col%,, =sup{l[f o @l f € Ams [Ifllar =1}
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which, by equation (1.2) and the hypothesis ¢(0) = 0, is bounded above by a
constant multiple of

Sup{Alf(Z)IP—2|ff(z)]2N 72(z)(;lA(z);f € A, ”f“AP - 1}

for any m € N. For a fixed 0 < r < 1 we first show that
(1.11)
Jim [sup { [ £GP )P Noa(AR): £ € Amy fllar =1}] =0

rU
by considering the cases p > 2,p=2,1 < p < 2 and p = 1 in turn. In doing this,

we will use Propositions 1 and 2 to assert that, on rU,

2m+1 m , 1
__—_(1 — T ™ and |f'(2)] < c——-——(1 — YT

when f is a unit vector in A,,.
When p > 2 this leads to the estimate, for functions in the unit ball of A,,,

If(z)| <c

2)P72|f'(2)|2N,, 2(2)dA(z (2 1 rp=2) )
(2 n 1) m{p—2
<ec (1 7.)4 .r ( )7

since Ny 2(z) < (log1/|2])? on U ~{0} by Proposition 6.3 of [19], since ¢(0) = 0.
Thus (1.11) holds for p > 2.
The case p = 2 is handled in a similar, but easier, manner using Proposition 4.
When 1 < p < 2, we begin with

/If(z)l”‘zlf’(Z)PNgo,z(Z)dA(Z)S/ If(2)P721f"(2)1* (log 1/|2])*d A(2),
rU rU

which again follows from N, 2(z) < (log (1/]2]))? on U ~{0}. Next set s = \/r
so log (1/z]) < 21og(s/|z|) on rU. Thus
(1.12)

- 5\2
FEP I EPNoaAR) <4 [ 1P () (log ) dAG).
rU rU ||
Find 1 < p; < p < 2 and write the integrand on the right-hand side of (1.12) as
pr1—2| ¢! 2 i p—r1 _s_
(5GP =217 G)P10g ) (1P og 7).
In the second factor we make the estimate

2m+1 m
lf(z)] < CW |z
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for f in the unit ball of A,, and then observe that
|z|™P—P1) Jog S < |z)™P=P1) Jog _1_
E ||

This is bounded by 1 on U for m sufficiently large. Thus, for such sufficiently
large m, the right-hand side of (1.12) is bounded above by

2m+1 \p—P1 I s
(e oyms) / WEP )P log dAG)
2m+1 \p—pP1 e , s
< c(m) /sU |f(2)[P*~2|f" ()| log mdA(z)
2Qn+1 \p—p1 2 27 o 6
(i) [ e g

In this computation we have used s > r, the non-negativity of the integrand, and
equation (1.3). Finally, since f € A,, is a unit vector we use Proposition 2 to see

that R " )
4 0\ 1p1 m+1 P1
s i < e )

and hence to conclude that

P=2| 1\ 2N 1
[ @ @ Npal)dA() < e

Again, r is fixed so this tends to 0 as m — oo, verifying (1.11) for 1 < p < 2.

(2m +1)P- rmP1/2,

Finally, when p = 1 we use similar computations. We have Equation (1.12)
with p — 2 = —1, and the integrand on the right-hand side of (1.12) is similarly
written as

(F@I=1f @ tog ) (1o 1)

for small positive e. When f is in the unit ball of A, for sufficiently large m we

a <o)

have
|f(2)|log

on rU. This leads to the estimate

Ay a2 2m+1 \¢ 2 L iavioedO
/rU [F(@)171f (2)|* No,2(2)dA(2) < C((l — T)Z/p) (1-¢)? /0 |f(se 9)' o

and the argument is completed again by using the estimate

2m+1
(1= 877"

m

If(se®)] < c
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for f a unit vector in A,,. This finishes the verification of (1.11).
To complete the proof we turn to

/ F@P 2 (@) Npa(2)dA < M, F()P211 () (log |2))%dA,
U~rU U~rU
where N ( )
_ e2(%)
M, :sup{w cr <zl < 1}.

Replacing the integral on the right-hand side of the inequality by the integral
over U and using

1 @P 2 P tog ) aA) < el < ¢
for f in the unit ball of A,,, we see that
L @PS PN a(:)aAG) < M
Letting r — 1~ and recalling (1.11) we see that

. . N, Z(Z)
lim JCLII% < climsup =222
it 1€l < TSP fop a2

as desired. ]

Proof of Theorem 5: When ¢ has a fixed point in U, the result follows imme-
diately from Propositions 6 and 7. If ¢ has no fixed point in U, then it has a
Denjoy-Wolff point on the unit circle U (see, for example, section 2.3 of [9]).
In this case, only the inequality

(rear()" < (e ()

needs verification since Proposition 6 gives the reverse inequality. A proof can
be constructed using the following steps. Simple modifications to the proof of
Theorem 3.9 in [9] show that if ¢ has Denjoy—Wolff point w € AU then for p > 1,
r47(Cy) = (¢'(w)) %P s0 that (r4»(Cy))P = (ra2(C,))?. Since

re,4r(Cy) < 1ar(Cp) = (ra2(Cp))*?,

we can finish an argument similar to that in Lemma 5.2 of [6] showing that
7e,42(Cp) = 742(C,) when ¢ has Denjoy—Wolff point on 9U. n
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The next result identifies the spectrum of C,, acting on AP, 1 < p < oo, when
 is univalent, is not an automorphism, and fixes a point of U. The same result
for a variety of Hilbert spaces of analytic functions including H? and A% was
obtained in [8]. The argument we use is very similar to that in [8] and makes use
of the behavior of the iteration sequences of ¢: U — U when ¢(0) = 0. Recall
that {23} is an iteration sequence for ¢ if p(2x) = 2zk41 for all k. We will need
the following two lemmas from [8] which describe the behavior of the iteration
sequences when ¢(0) = 0.

LEMMA ([8] Lemma 14, [9] Lemma 7.35): Suppose ¢: U — U is analytic, not an
automorphism, and fixes the origin. There exists b < 1 so that for any iteration
sequence {z} we have

(1.13) el

whenever |z;| < 3.

LEMMA ([8] Lemma 13, [9] Lemma 7.34): Suppose ¢: U — U is analytic, not an
automorphism, and fixes the origin. Let 0 < r < 1. There exists 1 < M < oo
so that if {2 }>k Is an iteration sequence with |z,| > r for some non-negative
integer n and {wy}" . are arbitrary complex numbers, then there exists f € H®
with
flz) =wk, —K <k<m,
and
I/ llge < Msup{|we| : —K <k <n}.

We next standardize our indexing notation for the iteration sequences when
©(0) = 0. Henceforth, iteration sequences will be denoted {z;}> 4 where K is a
positive integer and |2o| > 1. Determine the non-negative integer n by

(1.14) n = max{k : |z > %}.

Note that |zz| < i for k¥ > n and there exists a b < 1, by the first lemma, so
that |zg41]/|zx] < b for all & > n. We may assume that % < b < 1. By repeated
application of this we get |zx] < |2, |05~ for all k > n.

We can now give the main result on spectra of composition operators on AP.

THEOREM 8: Suppose that ¢ is univalent, not an automorphism, with fixed point
a € U. Then, for 1 <p < o0,

aar(Cp) = {A € C: A S 1,20 (C) } U {(#(0))" }ol0-
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Proof:  Without loss of generality, we may assume that a = 0, since if ¢(a) = a
then C,, is similar to a composition operator whose symbol fixes 0, and similar
operators have the same spectrum. Whenever ¢(0) = 0 and C, acts on any
space of analytic functions which contains the polynomials, then {(¢'(0))"}32, is
contained in the spectrum ([12] Lemma 2). If A € 64»(Cy) and |A| > re 42(C)
then X is an eigenvalue of C, (see, for example, Proposition 2.2 of [6]). By
Koenig’s Theorem (see, for example, Theorem 2.63 of [9]) the eigenvalues of C,,
must be of form (¢'(0))™ for some non-negative integer n. Thus we need only
show that
fAEC A< rear(Cp)} Coar(Cy).

If re 42 (Cy) = 0 there is nothing to show since 0 € 0 4»(C,,) whenever ¢ is not an
automorphism. Thus for the rest of the argument we assume p = r 4»(C,) > 0
and choose A, 0 < |A| < p. If we can show (C, — AI)* is not invertible we will
be done, since the spectrum is closed. Indeed, we will show that (C,, — AI)* is
not invertible, where Cy, is the restriction of C, to the invariant subspace Ap,.
By the comments of subsection 2.2, once we know that A € 0(Cp) = 04,,(Cy)
we can conclude that A € 042(C,,).

We next fix a suitable value of m. Recall the constants b, % < b <1, of the first
lemnma (so that (1.13) is satisfied for any iteration sequence as just described),

1

and M, 1 < M < oo, of the second lemma using r = 7 and our chosen A # 0.

Fix m sufficiently large so that

b™ 1

(1.15) I < M

For any iteration sequence, {24} _ g, we can define a linear functional Ly on
A, by -
Laf) = Y A*f(z).
k=—-K

This is bounded since, for n as defined by (1.13), Proposition 2 gives for arbitrary
f€Am,

3 - > _ 2m+1 m
lk;‘;l)‘ kf(zk)l S C(p) kgll)\l kZTW . Izkl A “f”AP
<co)(3e) " em s Dlile Y e

k=n+1

This is finite, since |zx| < |2,|b*~™ for k > n and b™/|A| < 1.
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A straightforward calculation shows that
(Cr, = MLy = -AEF ey, .

Our goal is to show that C;, — A is not bounded below by considering its action on
Ly/lILxlla,,, where Ly is defined from a judiciously chosen iteration sequence. To
carry this out we need a lower bound estimate on ||Ly]|4,,. Given any iteration
sequence {2x}52 _ &, with n > 0 defined by (1.14), we know by the second lemma
that there exists f € H®, ||fllg~ < M, satisfying

(i) |f(zx)|=1for k=0 and k =n,

(i) 2P f(2k)/(A¥(1 — Zozx,)*P) > 0 for k=0 and k = n,

(iii) f(zx) =0for —K <k <n, k#0.
For such f we calculate

L,\( 2™ f(1 = |20)? 2”’) Z \-k 2k S (z6)(1 = |20[? )2/”.

(1 - Z()Z 4/17 1 - zozk)4/1’
Note that the terms of this sum corresponding to —K < k < n are zero unless
k=0ork=n. The k = 0 term is |29|™/(1 — |20/?)*/? and the k = n term is

|zn|™ > lzn|™
NPT z2n 7 = 16

We also have the estimate

I Z 7 f () (1 = |20l 2/p|<(4)4,M|Zn|m(1—lzol2)2/p f: (ﬁ)k‘"

Ne(1 — Zoz) /P BB =\

|2n]™

= 16]A]”

N

where we have used ||f||ge <M, |z| < §, and |2x| < [2,]6"" for £ > n+ 1 in
the first inequality and

e pmN k-n 1 1
kgl(m) <1—11 = 30M

in the second. By these estimates and the reverse triangle inequality we see that

2™ (1 — |z]2)2/P 2p™
()2

But for 1 <p < o0

” 2™ (1= |zo|)?/P
(1 —Z2)*/?

AP
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since

(1~ |2/

(1= 72)7
is a unit vector in AP. This gives the desired lower bound on ||L,| 4
for

; indeed,

m )

(1 - |Z0|2)2/p
(1—z2)¥r

Lalla,, > M

s,

1
> 21— o)

9(2) =

we have

14

SR R AT
= M-clp,m) M

where the last inequality, with ¢(p, m) denoting a constant depending only on p
and m, follows from Proposition 2.
We are now ready to make a judicious choice of iteration sequence. Recall that

. 1 . 1
rear(Cp) = lim [y, |IL/3, = inf 1y, I/
Since ¢ is univalent we know that

, 1— jon (w)]\?
2 _ n
(1.16) 1Cenlle,a2 -ﬁgr[ljllly( T o] ) :

Whenever this is non-zero it may be equivalently calculated as

wl )2
lc nuem-llmllsup(l_l%( )|) .

Given 0 < |A] < p = 7¢,4¢(Cy), find p’ such that |A] < p' < p. Since by
Proposition 7
. 1/n . 2/ n
p= lim |[Cp, 1}/3 < lim (1ICo, I172,)
there exists Ny such that for all n > Ny

9 1/n
(ICe12%) " >

or
ICou 182 > (o)™
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Thus, for any K > Ny we can find, by (1.16), a w sufficiently close to OU so that
2/p
; 1-]w] K
(i) (m,”fﬁ) > (0%,
(i) |ox(w)| > 3, and
(i) llevy o (w)llam 1 llevg gy llar

levwllam = 2™ llevwllar

The inequality of (iii) follows from (ii) and Proposition 3.

Facts (i) and (iil) together with Proposition 1 give

I|6U<px(w)HAm > _i{(pl)K‘
levulla, 2

With this choice of w we form an iteration sequence {zx}*4 by setting z_g = w

so that zp = @x(w) and 20| > 3. At this point the positive integer K is still

arbitrary, except for the requirement that K > Ng. Our estimates say

I(Ca = N Lalla,, A+ levs_llan
1Lx ]l 4 T llevallan

< M - clmp) ()

- M - ¢(m, p)

< -1 etm ) (5) "

The various constants depend on (at most) p and m which are fixed values. We
may thus choose K > Ny large so that this product is as small as desired. This
shows that C}, — A is not bounded below, |

If o satisfies the hypotheses of the preceding theorem, then ro 4»(Cy) < 1. We
will have more to say about this fact in the last section, where we will prove it.

THEOREM 9: Suppose that ¢ is univalent, is not an automorphism, and fixes a
point in U. If r, 4»(Cy,) # 0 for any, and hence every, value of 1 < p < oo, then
the spectrum of Cy, on the Bloch space, 05(C,,), contains the annulus

{reC: Te,Al(CLp) <A < 1L
The inner radius, 1 a1(Cy), is at most (¢ 42(C,))>.

Proof: We rely on the material described in subsection 2.4.

Recall that [AP°, B];, 0 < t < 1, denotes the scale of Banach spaces constructed
via Calderén’s method of complex interpolation. An application of Theorem 2
of [18] gives

U[AT’O,B],(C«p) C 0 4r0 (Cgp) U UB(C¢) U O'AponB(Clp)
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for all 1 < pp < oo and 0 <t < 1. Equation (1.7) promises that [A?°, B], will
be the same set of functions that are in AP (where t and p have the appropriate
relation), but the norm on [AP, B]; is only promised to be equivalent to the
standard norm defined on AP. However, changing from one equivalent complete
norm to another does not give any change in the spectrum of an operator on the
space. Thus, Theorem 2 of [18] gives

04p(Cy) C 0450 (Cy) Uop(Cyp) Uoarons(C,)

for all 1 < pg < p < o0.
Next, observe that B C AP for all p < oo and that there is a positive number
K (depending on p) such that || f]|a» < K||fl|s for each f € B. This follows from

the estimate ) Lt
116)- 501 < 3106 T hisle

which holds for all f € B (see, for example, Theorem 5.1.6 in [25]). Therefore,

04r(Cyp) C 04 (Cyp) Uon(C,)

forall 1 < pg < p < 0.
Specializing to the choice pg = 1 and using Theorem 8 and the fact that the
spectrum is closed, we have

A€ C: A < reas(Cp)} S {AEC: A < e mr(C,)} Uas(Cy)
for all 1 < p < 0o. From our Theorem 5 we have that
Te,ar(Cyp) T1, asptoo.
Therefore,
A ECIA 1} C{AE TN S i (Cp)} Uaa(Cy):

Since the spectrum is always a closed set and r, 41(C,) < 1, we get the desired
description of 0g(C,). By Proposition 7 we know that

Te,Al(Cw) < (re,.»‘l2 (Cv?))2' ]

When the hypotheses of Theorem 9 hold, then the essential norm of C, on
the Bloch space must equal 1. This fact holds under more general hypotheses
as well (for example, if ¢ has finite angular derivative at some point of U); see
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Theorem 2.1 of [14] or chapter 5 of [11]. When r, 42(C,,) = 0 the essential norm
on the Bloch space can be strictly less than 1. Indeed, for any 0 < s < 1 there
exist univalent ¢ fixing 0 with ||C,|le,s = s (see the discussion of the “lens map”
in Proposition 6.4 of [11] and the equality of essential norm of a composition
operator on the Bloch and little Bloch spaces in Theorem 2.1 of [14]). While
these examples satisfy 7. 42(C,) = 0 since C, is compact on A2 it is possible for
the essential spectral radius on A2 to be 0 even though C,, is not compact on A%
For a specific example, notice that the univalent ¢ with C, not compact on H?

yet re g2(C,) = 0 given in [6] also provides an example with the same properties
on A%

4. Spectra of composition operators on Hardy spaces and BMOA

There is an analogue of Theorem 9 for the spectrum of C, acting on BMOA
when ¢ is univalent, is not an automorphism, and fixes a point in U.

THEOREM 10: Suppose that ¢ is univalent, is not an automorphism, and fixes a
point in U. If re gr(C,) # 0 for any, and hence every, value of 1 < p < oo, then
the spectrum of C, on BMOA, ogpm04(C,), contains the annulus

{AeC:rem(Cy,) <A <1}
where the inner radius . g1 (Cy) is at most (re g2(Cy))2.

We briefly summarize the modifications needed to some of the results of sections
2.3 and 3 in order to prove Theorem 10.

The H? version of Proposition 1 is well-known (see, for example, Corollary
2.14 in [9]). In part (a) the exponent 2/p is replaced by 1/p. A similar use of
Cauchy’s formula gives the H? version of (b): for w € U,

()] < e(p)(1~ |wl) = V7| ]| .

There is an HP? version of Proposition 2 which is both stronger and easier to
obtain. This is our next result.

ProposITION 11: Forw € U and p > 1,
levellm, = Jw|™(1 - [w|?) 7/
where H,, = 2™ HP m any positive integer.

Proof: Since f € z™H? implies f = 2™g for some g € H? with ||g|lur = || f||z»,
it follows that

[f (W)l = [w|™g(w)] < elp)fw[™ (L = [w]) ™7 flae-
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Using the HP unit vectors f(z) = 2™(1 — |w|?)Y/P(1 — Wz) %P we get the other
inequality. |

The next result is the Hardy space analogue of Proposition 3.

PROPOSITION 12: Let 1 < p < co. There is a constant c(p) so that for allw € U
with |w| > 3,
levella,, < llevwllar < c(p)2™level A, -

Proof: Only the right hand inequality needs proof. This follows from ||evy, ||z» =
(1 — |w|)~1/? and

levalla, =~ ol™ (L~ [w]) ™7 > e(p)27™(1 — [w])"1/*

for |w| > 1. |

The version of Proposition 4 for :™H? appears as Lemma 5.2(b) of [20]: For
every z € U,

|F"() < Vemla™ (1= 272 £ 2.

We next prove an HP version of Theorem 8, identifying the spectrum when ¢,
not an automorphism, is univalent with a fixed point in U.

THEOREM 13: Suppose g is univalent, not an automorphism, with fixed point a
inU. Then for 1 < p < oo,

orr(Cp) = {A € C 1 A < 1,2 (Co)} U {(¥'(0))" }nZo-

Proof: The outline of the argument is exactly the same as in the proof of
Theorem 8, so we only indicate the necessary modifications. The linear functional
L, acting on H,, = 2™ HP? (for fixed m chosen to satisfy inequality (1.14)) is
defined by the same formula:

Laf)= Y AFf(z)
k=K

where {2} is an iteration sequence, indexed with the same conventions as
described prior to the proof of Theorem 8. Proposition 11 gives the boundedness
of Ly on Hy,.

We get a lower bound estimate on ||Ly| g, by considering Ly (2™ fg) where ¢
is the HP unit vector

9(2) = (1 — |20[2)/P(1 - 752)"2/?



Vol. 128, 2002 COMPOSITION OPERATORS ON BLOCH AND BERGMAN SPACES 349

and f is an H* function with ||f{lz~ < M satisfying
(i) |f(zx)|=1for k=0and k = n,
(i) (20 f(2)/(OF(1 — Zp2x)?/P)) > 0 for k= 0 and k = n,
(iii) f(zx) =0for — K <k <n, k#0.

Then
L,\(meg)
Z - ke f (2) (1 = |zo|*)'/P
(1 —Zp2g)%/?
_ =™ |2n|™ (1 — |20|%) /P n Z -k 2 S () (1 ~ || 2)He
(1= l2ol)? AL = Zoza 2P L= (1 — Zoz)%/P
=I1+I1r+111.

As in Theorem 8, choosing m to satisfy (1.15) guarantees that IT > |III]| so
that

LA™ £9)] 2 lz0l™ (1 = f20/?) 7.

Since [|z™ fg||gr < M we see that

|20|™ c(p)
[F2N [P = M= @i = 7 evzoll -

Using the univalence of ¢ we have

: 1— pnt(w)]
Co, |I? g2 = limsup —— 2~
H ||e,H2 w]os1 1— |w|

and, given 0 < |A| < p/ < p = 7o, gr(Cy), we may find Ny so that whenever
n > NO)
G, 1252 > (#)
Thus for any K > Np we may find w in U with jw| sufficiently close to 1 that
1/p

: 1-|w]

(i) (TKHZU})I) > (0¥,

(i) [ox(w)] = 1/2, and

(iii) llev g (w) e > 1 lleve g oyllar 1 ( 1-|w| )1/'”

levwle, = 27c(p) levwllar ™ 2mclp) \ I-Tox (w)]
where we have used Proposition 12 in (iii).

Using (i) and (iii) we see that

eV )l H

> e(p,m)(p)X.
Tevalla, > (p, m)(p")
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Choosing our iteration sequence {2} by setting z_x = w we obtain
(Cr = MLalla, M leve o,

< - 1) ()

M - c(p)

Since m is fixed, this tends to 0 as K — oo, and C;, — A is not bounded below.
|

We now return to the proof of the first theorem of this section.

Proof of Theorem 10: Using equation (1.8) in place of equation (1.7) and pro-
ceeding exactly as in the proof of Theorem 9, and since BMOA is continuously
contained in each Hardy space, we arrive at

our(Cyp) Com(Cyp)Uopmoa(Cy)
for all 1 < p < 0o. Theorem 13 now gives
A€ C N <reur(Cy)} C{AEC A <1 (Cy)} U aBMoa(Cy)

for all 1 < p < oo. The Bourdon—-Shapiro essential spectral radius formula applies
to give
re,r(Cy) 11, asptoo,

and the desired result follows exactly as in the proof of Theorem 9. |

5. Examples and open questions

In this section we give some examples and discuss a conjecture. To begin with,
we observe that when ¢: U — U is univalent, fixes a point of U, and is not
an automorphism, then r, 42(C,) (as well as 7, g2(C,)) is strictly less than 1.

e lim su (————l_l“’_l(“’)l)Z:[nmmf(————l"'w' )2}_1
oo 1 [ i1 \1 = [~ (w)]

— lo(w)|\21-1

= [tmint (S722E0) ]

Without loss of generality assume that 0 is the fixed point in U. Since

L= {p(w)]
e
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is the infimum of the angular derivative of ¢ on U, by Julia’s Lemma it must
be strictly greater than 1 (see Lemma 7.33 of [9]) if ¢ is not a rotation. Then
using equation (1.5) we have

. 1/n
re,42(Cp) = lim Gy, 1.7

e,A?

[Colle,
= [t {I¢'(O)l: ¢ e 00}

<1.

inf [|Cy, 12/
neEN

IN

A similar argument gives the same conclusion for r, y2(C,). See also [4], Propo-
sition 3.3 where the same result is obtained under more general hypotheses on
@.

We now let 0 < 7 < 1 and consider

rz

=i

This function is univalent, fixes zero (and one), and is not an automorphism.
Hence, it satisfies the hypotheses for Theorems 9 and 10. Its nth iterate is given
by

_ 'z

1= -1z

For each non-negative integer n, the angular derivative of ¢, at 1 is given by
(‘Pn)l(l) =1/r",

while at every other { € QU the angular derivative is infinite. Thus,

imanp (2 = () =

on(2)

In this equation, ¢ can be replaced by ¢,. From equation (1.5) we deduce that

ICe. 12 42 = ()2,
and hence
Te,A2 (C¢) =T
Theorems 5, 8, and 9 now give
Te,ar(Cy) = ,,,2/p7 p>1,

Te, Al (Ctp) < 7'2
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and
042(Cy) = {A € C: | < 1,20 (Cp)} U {(¥'(0))" }2L0,

for each 1 < p < co. Thus
{AeC:re 41(Cp) <A <1} Cop(Cy)

where we know the inner radius of this annulus is at most r2. For the same class
of examples, we get

Te,H? (CLP) = rl/p’ p>1,
Te, H1 (C<P) <r

and
arr(Cp) = {X € C1 | < 7,72 (Cy) } U {(¥'(0))" Lo,

for each 1 < p < co. Thus
{)\ eC: Te’Hl(C(p) < }Al < 1} C UBMOA(Ctp)

where the inner radius is at most r. We can choose r as close to zero as we wish.
This shows that the annuli of Theorems 9 and 10 can be very “fat”.

As previously observed when ¢(0) = 0, 03(Cy,) and opamoa(C,) must each
contain (¢'(0))", n =0,1,2,.... If the essential spectral radius of C, on A? (or
H?) is not zero, none of these points (except for (¢’(0))° = 1) can be eigenvalues
for C,. The reason is that if 0 # (¢’(0))™ is an eigenvalue for C,, for some n > 1,
then the eigenspace is one-dimensional and spanned by the kth power of the
Koenig’s function F for ¢ (i.e., the unique analytic F on U with F o = ¢'(0)F
and F’(0) = 1). But if F* € B (or FF € BMOA), then F € AP for all p < 0
(F € HP for all p < co0) which forces g4»(Cy) = 0 (0u»(Cy) = 0); see Theorem
1.2 in [15] and Theorem 4.4 in [4].

We end with a conjecture. We point out that a consequence of our work is that
a nonzero value of r. 4»(C,) for any 1 < p < oo is equivalent to r. 4»(Cy) # 0
for every value of 1 < p < oo and that the same holds true for the Hardy spaces.
For univalent ¢, r, 42(C,) # 0 if and only if r. g2(C,) # 0.

CONJIECTURE: Suppose that ¢ is univalent, is not an automorphism, and fixes
a point in U. If re g2(C,) # 0 then the spectrum of C, on the Bloch space or
BMOA is the closed unit disk:

osmoa(Cp) = 08(C,) =T.
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Without loss of generality we may take the fixed point to be 0. Norm consid-
erations show that o5(C,,) (respectively oppoa(C,)) is contained in the closed
unit disk, so the issue is to show that

{A: A <rear(Co)}

(respectively {A: |A| < r. g1(Cyp)}) is in the spectrum. This would follow if the
arguments of Theorems 9 and 10 could be extended to the range 0 < p < 1,
however the impediments to pursuing this approach seem formidible. A quasi-
Banach space version of Theorem 2 in [18] and p < 1 versions of Theorems 5 and
8 (and their Hardy space analogues) would be needed. It may be more tractable
to proceed by adapting the proof of Theorem 8 directly to B and BMOA. Indeed,
with this approach it might be possible to omit the univalence hypothesis on (.
We leave this for another time.
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